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Fig. 1.
$d$ , $\delta$ $\delta=d/R$ . ,
Navier-Stokes
$\nabla\cdot u=0$ (1)
$\frac{\partial u}{\partial t}+(u\cdot\nabla)u=-\nabla p+\nabla^{2}u+Gk$ (2)
$\frac{\partial w}{\partial t}+\nabla x(w\cross u)=\nabla^{2}w$ (3)
. $u,$ $t,$ $P,$ $w,$ $G$, , , ,
. , $z$ , $\nabla$ $\nabla^{2}$
$\nabla=\frac{\partial}{\partial x}+\dot{\mathcal{J}}^{\frac{\partial}{\partial y}+k\frac{1\partial}{1+\delta x\partial z’}}$ $\nabla^{2}=\frac{\partial^{2}}{\partial x^{2}}+\frac{\delta\partial}{1+\delta x\partial x}+\frac{\partial^{2}}{\partial y^{2}}+\frac{1\partial^{2}}{(1+\delta x)^{2}\partial z^{2}}$
. $i,$ $i$ $x,$ $y$ .
$u(\pm 1,y,z,t)=u(x, \pm 1, z,t)=0$
.
$u’= \frac{\nu}{d}u$ , $t’= \frac{d^{2}}{\nu}t$ , $p’= \frac{\rho\nu^{2}}{d^{2}}p$ , $(x’,y’,z’)=(dx,dy,dz)$ (4)
, $G$
$G= \frac{d^{3}}{\rho\nu^{2}}\frac{\partial p’}{\partial z’}$
. (’) . $\nu,$ $\rho$
, . Dean $Dn=\sqrt{2\delta}G$ .
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33.1 2
2 , $\partial/\partial z=0$ ; (1)
$\frac{\partial u}{\partial x}+\frac{\delta u}{1+\delta x}+\frac{\partial v}{\partial y}=0$
, $\psi$
$u= \frac{1\partial\psi}{1+\delta x\partial y}$ , $v=- \frac{1\partial\psi}{1+\delta x\partial x}$
, (3) $z$ Navier-Stokes (2) $z$
,
$( \nabla_{2}^{2}-\frac{\delta\partial}{1+\delta x\partial x})\frac{\partial\psi}{\partial t}$
$= \nabla_{2}^{4}\psi-\frac{2\delta}{1+\delta x}\nabla_{2}^{2}\frac{\partial\psi}{\partial x}-\frac{3\delta^{3}\partial\psi}{(1+\delta x)^{3}\partial x}+\frac{3\delta^{2}\partial^{2}\psi}{(1+\delta x)^{2}\partial x^{2}}-\frac{1\partial(\nabla_{2}^{2}\psi,\psi)}{1+\delta x\partial(x,y)}$
$- \frac{\delta\partial\psi\partial^{2}\psi}{(1+\delta x)^{2}\partial x\partial x\partial y}+2\delta w\frac{\partial w}{\partial y}$
$+ \frac{\partial\psi}{\partial y}\{\frac{2\delta}{(1+\delta x)^{2}}\nabla_{2}^{2}\psi+\frac{\delta\partial^{2}\psi}{(1+\overline{\delta}x)^{2}\partial x^{2}}-\frac{3\delta^{2}\partial\psi}{(1+\delta x)^{3}\partial x}\}$
$\frac{\partial w}{\partial t}=G+\nabla_{2}^{2}w+\frac{\delta\partial w}{1+\delta x\partial x}-\frac{\delta^{2}w}{(1+\delta x)^{2}}-\frac{1\partial(w,\psi)}{1+\delta x\partial(x,y)}-\frac{\delta w\partial\psi}{(1+\delta x)^{2}\partial y}$
. $\psi,$ $u$ 2 . 2 , $\Psi_{t}$
$\Phi_{l}$
$\psi(x, y, t)\approx\sum_{l=0}^{L}\sum_{m=0}^{M}\Psi_{l}(x)\Psi_{m}(y)\psi_{lm}(t)$, $w(x, y, t) \approx\sum_{l=0}^{L}\sum_{m=0}^{M}\Phi_{l}(x)\Phi_{m}(y)w_{lm}(t)$
, . $L,$ $\Lambda’I$ .






. 2 , 3
.
2 , Newton-Raphson ,
, . ,
Adams-Bashforth , Crank-Nicolson .
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3.2 3
3 , $u$ $P$ $z$
$u(x,y,z,t) \approx\sum_{n=-\#}^{2}e^{iknz}u_{n}(x,y,t)u_{-1}$ $p(x,y,z,t) \approx\alpha_{-1}\sum_{n=-\#}^{2}e^{iknz}p_{n}(x,y,t)$
.. $i$ , $k$ , $N$ .




$\frac{\partial u_{n}}{\partial x}|_{x=\pm 1}=\frac{\partial v_{n}}{\partial y}|_{y=\pm 1}=0$ (7)
. Appendix A.1 .
. 3 $u_{n}=(u_{n}, v_{n}, w_{n})$
$p_{n}$ 4 , $u_{n}$ $p_{n}$ , $v_{n}$
$w_{n}$ 2 .
$u_{n}$ (1) . (1) $n$
$\frac{\partial u_{n}}{\partial x}+\frac{\delta u_{n}}{1+\delta x}+\frac{\partial v_{n}}{\partial y}+\frac{iknw_{n}}{1+\delta x}=0$
, $u_{n}$ , $u_{n}$ $\Phi_{l}$
,
$\sum_{l,m}[\frac{\partial\Phi_{l}}{\partial x}\Phi_{m}+\frac{\delta}{1+\delta x}\Phi_{l}\Phi_{m}]_{1j}u_{lmn}=[-\frac{\partial v_{n}}{\partial y}-\frac{iknw_{n}}{1+\delta x}]_{\dot{t}\dot{j}}$
. $(x_{t}, y_{j})$ .
$u_{n}$ $u_{lmn}$
$u_{lmn}= \sum_{1j}\{[\frac{\partial\Phi_{l}}{\partial x}\Phi_{m}+\frac{\delta}{1+\delta x}\Phi_{l}\Phi_{m}]_{ij}\}^{-}1[-\frac{\partial v_{n}}{\partial y}-\frac{iknw_{n}}{1+\delta x}]_{\dot{J}}$ (8)
$v_{n}$ $w_{n}$ , $u_{n}$ .
Navier-Stokes $x$ $y$ $p_{n}$
. Navier-Stokes (2) $x$ $y$ $n$
$\frac{\partial u_{n}}{\partial t}+[(u\cdot\nabla)u-\frac{\delta w^{2}}{1+\delta x}]_{n}=-\frac{\partial p_{n}}{\partial x}+\nabla^{2}u_{n}-\frac{\delta^{2}u_{n}}{(1+\delta x)^{2}}-\frac{2\delta V^{a}knw_{n}}{(1+\delta x)^{2}}$
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$\frac{\partial v_{n}}{\partial t}+[(u\cdot\nabla)v]_{n}=-\frac{\partial p_{n}}{\partial y}+\nabla^{2}v_{n}$
, $x$ , , $x$
$p_{n}= \int_{-1}^{x}\{-\frac{\partial u_{n}}{\partial t}-[(u\cdot\nabla)u-\frac{\delta w^{2}}{1+\delta x’}]_{n}+\nabla^{2}u_{n}-\frac{\delta^{2}u_{n}}{(1+\delta x’)^{2}}-\frac{2\delta iknw_{n}}{(1+\delta x)^{2}}\}dx’+f_{n}(y)$
$y$ $f_{n}(y)$ . $y$ $f_{n}(y)$
$f_{n}(y)= \int_{-1}^{y}[\frac{\partial^{2}v_{n}}{\partial x^{2}}+\frac{1}{1+\delta x}\frac{\partial v_{n}}{\partial x}]_{x=-1}dy’$
, .
Appendix $B$ . $u_{n}$ . $Pn$ , $v.,$ $w_{n}$
Navier-Stokes (2) (3) 6 , 4
2 . Navier-Stokes $z$
$\frac{\partial w_{n}}{\partial t}+[(u\cdot\nabla)w+\frac{\delta uw}{1+\delta x}]_{n}=-\frac{iknp_{n}}{1+\delta x}+\nabla^{2}w_{n}-\frac{\delta^{2}w_{n}}{(1+\delta x)^{2}}+\frac{2\delta iknu_{n}}{(1+\delta x)^{2}}$ (9)
$z$
$\frac{\partial\omega_{zn}}{\partial t}+[(\frac{\partial u}{\partial x}+\frac{\partial v}{\partial y}+u\cdot\nabla I^{\omega_{z}}]_{n}$
$+[ \frac{2\delta w}{1+5x}\frac{\partial w}{\partial y}-\frac{\delta w\partial_{t^{1}}}{(1+\delta x)^{2}\partial z}+\frac{1\partial w\partial v}{1+\delta x\partial x\partial z}-\frac{1\partial w\partial u}{1+\delta x\partial y\partial z}]_{n}$ (10)
$= \{\nabla^{2}-\frac{\delta^{2}}{(1+\delta x)^{2}}\}\omega_{zn}+\frac{2\delta ikn\omega_{xn}}{(1+\delta x)^{2}}$
2 . $\omega_{x},$ $\omega_{z}$ $x,$ $z$ ,
$\omega_{x}=\frac{\partial u1}{\partial y}-\frac{1\partial v}{1+\delta x\partial z}$, $\omega_{z}=\frac{\partial v}{\partial x}-\frac{\partial u}{\partial y}$
.
2 $G=3400$ .







, $x,$ $y,$ $z$ $L,$ $M,$ $N$ $L=24,$ $M=24$,
$N=64$ . $L,$ $M$ , 2
. , $G=3400$
, . $z$
$N$ , 1 $n>1$ ,
.
$\delta$ , $\delta=$
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, II , .
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$G$
Fig. 2. 2 . 1st branch 3rd branch .
Fig. 3. $G=3400$ 2 ( $T\approx 0.791$ )
5.2 3















, 2 $v_{n}(0,0.5)$ $w_{n}(0,0)$ ,
.




$u_{\phi}=501.31$ . Fig. 5-(A) $n=0$
, .
, (A) $n=0$ ,





2 . Fig. 3 , $G=3400$
2 $T\approx 0.791$ . (4)
, $T’$ .
,
$d=0.0125[m]$, \mbox{\boldmath $\nu$}=l $\cross$ lO-6[m2/s]( )
$T’=T \frac{d^{2}}{\nu}=124[s]$
. ,
. Fig. 5-(B) $\omega=73.747$
, 3 $T_{3D}=13.312[s]$ , 2
10 , .

















, $R=O(1\cross 10^{-12})$ , (6)
.
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$\bullet$ $n=0$ , 2 2 , $\psi_{0}$
$w0$
$\bullet$ $n\neq 0$ , $w_{n}$ , (3) $z$





Fig. 6 . (a), (b) 2 2
, (a) $10^{-10}$ , (b) $10^{-9}$ . ,
, (3) $x,$ $y$








, 2 , ,
$n=0$ .
, 2 2 , Navier-Stokes
$z$ ,
, , $n\neq 0$ , $\partial p_{n}/\partial z$ .
, 32 . ,





Chebyshev , Chebyshev Leg-
endre , . , [-1, 1]
, Chebyshev , Legendre
, ,
1. Chebyshev Legendre
2. Legendre $w_{i}(i=1,2, \cdots, I)$ , $f(x)$
$F(x)$
$F(x_{j}) \equiv\int_{-1}^{x_{j}}f(x’)dx’=\sum_{i=1}^{j}f(x_{i})w_{i}$ , $x_{j}= \sum_{i=1}^{j}w_{i}-1$ , $j=1,2,$ $\cdots,I$
3. $x_{j}$ Chebyshev Legendre
, $F(x_{j})$ Chebyshev
4. Chebyshev









$\partial p_{n}/\partial x$ $x$ . $p_{n}$ $[-1, x]$ $\partial p_{n}/\partial x$
$p_{n}(x=-1)=0$ . $p_{n}$ $n\neq 0$ , (9) ,
$p_{n}= \frac{1+\delta x}{i\text{ }n}(\frac{\partial^{2}w_{n}}{\partial x^{2}}+\frac{\delta\partial w_{n}}{1+\delta x\partial x}+\frac{\partial w_{n}^{2}}{\partial y^{2}})$
, $p_{n}(\pm 1, \pm 1, t)$ =0( ) . Chebyshev
$p_{n}(x, y, t)= \sum_{l=1}^{L}(1+x)(\frac{2-x-y^{2}}{3})T_{l+1}(x)p_{ln}(y, t)$
.
$\frac{\partial p_{n}}{\partial x}|_{x=x_{j}}=\sum_{l=1}^{L}[\frac{1-2x_{j}-y^{2}}{3}T_{l+1}(x_{j})+(1+x_{j})(\frac{2-x_{j}-y^{2}}{3})T_{l+1}’(x_{j})]p_{ln}$
. (’) $x$ . ,
$p_{ln}$ , $p_{n}$ , $\partial p_{n}/\partial x$ .
$\partial p_{n}/\partial y$ $y$ , $x=-1$ , $y,$ $t$
, $y=\pm 1$
$p_{n}(y,t)= \sum_{m=1}^{M}\Phi_{m}(y)p_{mn}(t)$
. $x$ $p_{mn}$ .
, ,
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